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1 Introduction

Consider the truncated singular integral operator

(T.f)(x) = / K(x.9)f(y) dy,

|z—y|>e

for € > 0 and z € R%.
Theorem I: Let K(z,y) = N(x — y), where N : R?\ {0} — C is positively

homogeneous of degree —d and obeys the following;:

e N e L'(S% 1) and Jga—1 N do = 0, where o denotes the standard uniform
measure on S 1; and

e The even component N, defined by Ne(w) = 1(N(w) + N(-w)) on 971
obeys [gu 1 |Nellog™ | Ne| do < oo (i.e., belongs to the class Llog™ L).

Then for f € LP(R?%), 1 < p < oo, the truncated singular integrals 7, f converge
to a limit T'f in LP(R?) norm, as € > 0. Moreover, T} f = sup,~ |T.f| is an LP
function, and ||T% f|| »(ray < C|| fl| Lr w4y, where C' = C(d,p, N).

Theorem II: Let K : (R? x RY)* — C be defined by K(z,y) = N(z,z — y),
where N : R x (R?\ {0}) — C is a measurable function that is positively-
homogeneous in the second variable (of degree —d), and satisfies the following:

e For each € RY, N(z,-) € L'(S?~!) with mean-value zero; and
e There exists 1 < ¢ < oo such that sup,cga ||V (2, )| La(ga-1) < 0.

Then the same conclusions as in Theorem I hold for the associated singular
integral operators T, and T, in the index range ¢’ < p < oo.

Theorem III: Assume the kernel K : (R? x RY)* — C is given by K(z,y) =
N(z,x — y)¥(|x — y|), where ¢ : R — C is the Fourier-Stieltjes transform of a
finite Borel measure, and N : R? x (R?\ {0}) — C is measurable and positively-
homogeneous of degree —d in the second variable, and obeys the following:



e Forall r € R4, y € S 1 |N(z,y)| < F(y), where F : R4\ {0} — [0, 0)
is a positively-homogeneous function of degree —d, in L'(S9~!); and

e Either ¢ is even and N is odd in the second argument, or 1 is odd and NV
is even in the second argument.

Then the conclusion of Theorem I also holds for the associated singular integral
operators 7.

Theorem IV: Let K be given as in Theorem III, but with the first condition
on N replaced by the following:

e There exists 1 < ¢ < oo such that sup,cga | N(, )| pa(ge-1) < 00.
Then the conclusions of Theorem III hold for the T., provided ¢’ < p < co.

Theorem V: Let K, : (R? x RY)* — C be given by K .(z,y) = e IN(x —
y)(|lz — y|/€), where e > 0, N : RY\ {0} — C is a positively-homogeneous
function of degree 0 in L'(S?1), and v : (0,00) — [0,00) is a decreasing
function with x + t(|z|) in L'(R?). Then if f € LP(R?) for 1 < p < oo, and

(M..f)(x) = sup
e>0

» K (z,y)f(y)dy|,

we have M, f € LP(R?) and || M. f|| s ey < Cl|fllLoraey, C = C(d, p, 9, N).

Theorem VI: Let K, : (R? x R%)* — C be given by K .(z,y) = e ¢N(z,z —
Y)W (|l —y|/€), where N : R? x (R?\ {0}) — C is a measurable, homogeneous of
degree 0 in the second variable, with sup,cga [[N (2, -)||Le(g4-1) < oo for some
1 < g < oo;¢:(0,00) — R is again a decreasing function which defines an
integrable radial profile on R%. Then the conclusion of Theorem V still holds,
in the parameter range ¢’ < p < oc.

2 Remarks

We begin by observing how, for any function f € LP(R?) with p in the specified
ranges in our statements, the integral defining 7, f will be absolutely-convergent
for almost every x.

In the case of Theorem I and Theorem III, we take absolute values and expand
in polar coordinates about z € R?, to obtain

/ IK(m)IIf(y)ldy:// |K (z, 2 + rw)||f(z + rw)|r?t dr do.
|z—y|>e P gd—1

Then, as K in either Theorem I or Theorem III has a positively-homogeneous
majorant (either |N| or F, respectively; and both are in L!(S971)), we have a



bound of
/ /OO F(rw)|f(z +rw)|ri=tdrdo
Sd—1 Je
:/ / F(w)|f(x+rw)\rd_1drd0: F(w)/ 7|f(a:+7‘w)| drdo
gd—1 Je €

T'd Sd—1 r

and the inner integral can be bounded using Hélder’s inequality with r—! and
p’ > 1 (that is, p < 00) to obtain a bound of

) 1/p
/ F(w)-Cep (/ |f(z+ rw)|P dr) do,
Sd—1 €

and letting R > 1, we take B = B(0, R) and integrate over x € B to obtain

[ eyl
B J|z—y|>e

gce,p/sdil F(w)/B </R|f(x+rw)|pdr>l/p d do

To this, we apply Holder’s inequality once more, now in the z-integral. We then
have a bound of

by Tonelli.

1/p
<c, | Fw ( /B /R | f(a:+rw)|pdrdx) B do.

Sd—1
For each w € S?!, we proceed by rotating x to write

/B/R‘ﬂ“m)lpdrdw:AA|<foOw><z+red)|pdrdz,

and proceed to separate variables to integrate this as

~/1R/|z’|<R \/|Zd|<\/R2|Z/|2 |(f o Ow)((z 70) + (Zd =+ r)€d>|p dzqdz" dr.

By Tonelli, we may interchange the r integral and write this as

|(f 0 OL)((2,0) + req)|P dr dzq dz'.
/z’<R /zd|<\/R2—z’2 /]R

Bounding the limits of integration in the z4-integral by R and evaluating,
noting that the internal integral is now z4-independent, we have

son [ [17000E 0 +reaparas <2m [ [ifo 0P



which we know is finite. It follows that the relevant integral converges, and thus
we have a bound of

< Cep.BIF |1 (se-1) | fll (e -

Next, for integrals of the form of Theorem IT or Theorem IV, we argue similarly

to obtain
1/p
gce,p/ N (z,0)| (/ |f(x+rw)pdr) do.
ga-1 R

where ¢’ < p < oo is the integrability index associated to f. Then we have a
bound of

<c., (/S N(x,w)|qda)1/q (/S (/R 1 (x+ rw)pdr> " do)

We bound the integral over « € B of this quantity by

a/p d
Co sup NG s | ( [ ([ sropar) do> d.
z€RI B Sd—1 R

and we use Holder’s inequality in the z-integral with (¢’, ¢) to bound the right-
most term by

d/p 1/d
|B|Y/4 </Sd1/B (/R|f(x+7“w)|pdr) dmda) .

Noting that 0 < ¢’/p < 1, we may apply Holder’s inequality in the z-integral
once more (this time with index 1 < p/¢’ < o) to obtain

1/q

a/p 1
|B|/4 (/ (//f(x+rw)|pdrdx) |qu/pda> ,
gd—1 B JR

and we use our estimate above for the inner integral jointly with respect to r
and z. As a consequence, this is controlled by

1/q
< BB ([ RIf ) as)

We proceed to obtain a bound of

< Cep,B sup || N(z, ’)”L‘?(S'i*l)”fHLP(Rd)v
zER4

showing that the integral is a.e.-finite, as before.



3 Proof of III, IV

Proof. We start by recalling the theory of the maximally-truncated Hilbert
transform: for any f € LP(R), 1 < p < oo, we have
/ e=y,,
ly> Y

/ fly) dy
l[z—y|>e T —Y

a Borel measurable function (as continuity of € € (0, c0) for each fixed x means
that we can restrict the supremum to dyadic rationals). (In fact, due to the con-
tinuity of x > | f\y|>6 f(x—1vy)/ydy|, as can be seen by continuity of translation

(H.f)(x) = sup
e>0

= sup
e>0

in LP(R) for 1 < p < oo, we see that this is actually lower-semicontinuous.)

We also have that
H.f SM(Hf)+ M,

by Cotlar’s inequality.
As a consequence, for any Borel function € : R — (0, 00), we have that (z,€) —
(z,€(x)) is a Borel map, and since the map (e,z) — (H.f)(z) is separately-
continuous, it follows that

f(y)

lz—y|>&@) ¥ —Y

T —

dy

is a Borel map into R.

Modulating f, we obtain that
f()

T 6727rizx/ 627Tizy dy
lz—y|>&(x) r=y

Now, by taking repeated products, sums, differences, and compositions, we can
see that the function

o 2y S (Y)
e 27TZZ$X|I7y\>€($)627nZyx =,

is a real-valued Borel function of (z,y,z) € R x R x R. Then for each fixed z,
after integrating in y, the resulting function of z is Borel measurable.

We integrate with respect to the finite complex Borel measure p; for fixed x, we

have
/e—Qﬂizx / eQTrizy f(y) dy dﬂm
R lr—y|>€&(x) r—y

and we note that this is absolutely-product-integrable by taking absolute values

and using Tonelli;
[(/ LA
R |z—y|>&(x) |z — v



and we can use Hoélder’s inequality to estimate the inner integral in y and get a
(z-dependent) finite constant.

So we integrate in z and use Fubini to interchange, to obtain
[z —y)
[ g,
le—y|>&(x) T Y
where i = 1) is the Fourier-Stieltjes transform of the measure p.

We claim that, with suitable choice of €, after taking absolute values, this func-
tion of = is comparable (in the sense of ~) pointwise to the maximally-truncated
Hilbert transform

(HY'f)(x) = sup

>0 r—Yy

[ D)

Indeed, for any fixed x, by the pointwise-everywhere boundedness of i1 and the
LP control on f, we see that for each fixed z, this is a continuous function
of € € (0,00). As a consequence, we may restrict the supremum over dyadic
rationals, and select a linearizing map € : R — 2% (and this also shows that the
function is measurable).

(Strictly speaking, to use this argument, we need to verify beforehand that
HY f is finite Lebesgue—almost everywhere, but to see this, it suffices to use the
dyadic supremum and take functions € : R — 2% with finite range, to capture the
supremum over finitely-many dyadic rationals; then obtain uniform LP bounds
and pass to the sup,.coz limit using monotone convergence.)

Now, by taking LP norms in x and using Minkowski’s integral inequality, to-
gether with the maximal-singular-integral bound, we see that

2mizy
e s ([ g,
R |z—y|>€é(z)

pr— dlplz Sp 1fllze @l

LZ(R)

for 1 < p < 0.
From this, we consider a general f € LP(R%), 1 < p < co. Let w € S9!, and
set the directional singular integral

fle —tw) .

(Lef)(@,w) = / At) dt.

[t|>e t

Expanding in polar coordinates about (any choice of) x, we know that for o-
ae. w € 5971 ¢t f(xr — tw) belongs to LP(R). Fubini’s theorem means we
get, for (\Y ® o)-a.e. pairs (z,w) € R? x §971 that the integral (L.f)(z,w) is
well-defined for all € > 0.



As a consequence, we set
(L f)(2,w) = sup [(Lef) (2, w)|xs (2, w),

where S denotes the full-measure non-exceptional set where the directional
Hilbert transforms are defined.

We claim that xye(z,w)(Lef)(z,w) is a measurable function in (z,w). Indeed,
we note that the mapping (z,w,t) — x — tw is a Borel measurable function
(indeed, continuous); it follows that

e L=

) 7t
(z,w "

as a Borel map from RY x §9=1 x (R\ {0}) — C, and it follows (from Tonelli’s
theorem) that the R-valued mapping of (z,w) given by

|f(x — tw)

(z,) o)) e

[t]|>e |t‘

is Borel measurable. And since we know for a.e. (z,w) this integral is finite,
we can restrict to the full-measure set where this occurs and restore real and
imaginary, positive and negative parts (taking linear combinations) to get that
the function we originally considered is measurable.

Then, again by continuity in € € (0,00) for fixed (z,w) € N¢, we can see that
L. f on this set is given by a countable supremum over dyadic rationals. It
follows that L. f (suitably corrected, on a null set V) is measurable, too.

For any (z,w) € N°¢, we notice that (z — rw,w) € N¢ as well, for any r € R, by
the very definition of the set. In that case, we have

(Lif)(x + rw,w) = sup / Mﬁ(t) dt
>0 |J)t)>e t

—(r—t
— sup / fatro= =),y a
e>0 |J|r—t|>e r—t

e>0 r—=

= sup / Mf(z+tw)dt
|r—t|>e t

= (H{(t = [z +1w))(r),

so that for any 1 < p < o0, and any (z,w) € N¢, we get

/ (Lo )& + @) dr S, [l / @+ tw)P dt.
R R

We then see this is actually true for any (z,w): if (z,w) € N, the right-hand
side will equal co. So this is always true for all such pairs.



Then for each fixed w, we take O,, to be an isometry mapping eg — w. We have
JI@en)Outa eyl dr Sy llP [ 170 O + tea)l” at,
R R

and we proceed to integrate this inequality along 2 € R?~! x {0}, to recover the
d-dimensional Lebesgue measure:

/ (Lo f)(Ops )P dz <, lul? / (f 0 0u)(2)]P d.
Rd Rd

and we apply rotational invariance to see this bound is independent of w € S4—1
and also uniform as w varies over the sphere.

Consequently, if we set
(Ts f) (@) :/ (Lo f)(z,w)F(w) do
Sd*l

(recalling that L, f is, after correction, Borel; so restriction to {z} x S9~1 €
B(R?%) @ B(S41) = B(R? x S91) is meaningful), with F being the majorant
from the hypotheses of Theorem III, we have

< (Tsf)(x)

/ (Lef)(z,w)N(z,w)do
gd—1

for all € > 0 and a.e. z. Additionally, we see that

ITs fll Lo ray < /Sd_1 (L ) (2, )| g ey F(w) do Sp [l £l o ey [ E'll 2 (501

using the uniform boundedness of the L, f integral for varying w.

But we can also see, for a.e. z € R, (z,w) € S%7! for a.e. w € S971; and so
—
[ enweneeio= [ [ 250 b
§d=1 sa=1 Jt|>e 3

We compare with the value (finite for a.e.-z) of

@@= [ Ko [ Ny i d

Tz—y|>e

= /°° - N(z,z — (z — 1) Y(|z — (2 — rw)|) f(z — rw)ri~tdrdo

= /OO/ r=IN (z, )0 (r) f(z — rw)ri dr do
€ Sd—1

:/Sdi1 /eoo N@C’W)Mﬁ(ﬂ dr do,



and we observe that if N is odd in the second variable, and ji is even, we can
use isometry-invariance of o to also write this as

/Sdl/ N, —w M()dﬂio
/S/ —N(z,w) (Hm) A(r) dr do
:/Sd—l/_e _N(W)ﬂx%m)u( )%do

- / N0 L) 50 drdo
Sd—1 T

so that averaging the two results in

TN@ =5 [ L)) N(ew)do

for a.e. x.

Likewise, if N is even, and [1 is odd, we once again obtain the same result, but
this time from N (z, w)f(m_;:w)(fﬁ(r)) in the integrand.

So, in either case, we can estimate ||T%.f|prma) = [|supeso|TeflllLo@e) <
1T fll e ey Sp el fll zo@ay | Fl 1 (sa-1y (using the restriction to dyadic ra-
tionals to ensure the pointwise control holds outside a union of countably-many
null sets, and using the uniform-in-¢ bound on the right-hand integral).

This proves Theorem III. For Theorem IV, we modify our arguments by setting

@@= [ D @w)N ) do
instead, and then we still have

< S (Tsf)(),

(TN =5 5

[ EneaNw) o

and we get

asn@ = ([ 1wnwera) ([ wewro)

For the right-most term here, we use that p > ¢’ implies p’ < ¢, so we may
apply Hélder’s inequality to control the final term by Sap.q [N ()| Lr(ga-1)-
Then, taking pth powers and integrating in x, and using the uniform bound, we
obtain the same result as before. This shows Theorem IV. O

We conclude by showing that T.f — T'f in LP(R?).



To begin, we take an auxiliary function p € C*(R), radlally decreasing with
p =1 in a neighborhood of the origin, and supp(p) (-1,1).

We then consider the function ¢ — fi(t)p(t) € C.(R), and we see that

.F(ﬁp)(f) :/Re_zﬂiftp(t)ﬁ(t) dt:Ae—2ﬂi§tp(t)Ae—2ﬂitz dﬂz dt

= / / p(t)e—Qﬂi(§+2)t dt d,U/z = / ﬁ(g + z) d/f«z
RJR R

It is clear that F(fip) € L'(R) N L>°(R), by Minkowski’s integral inequality.

From calculation, we know that the functions t_lxe<‘t|<e—1 all belong to L?(R)
for 0 < € < 1, and with uniformly-bounded Fourier transforms in €. As a
consequence, Plancherel (with dominated convergence) shows that

€l0 t

. B0p)
lim /| B / sign(€)F (7ip) (€) de:

this limit exists.

It follows that

/zy|>5 K(z,y)p(|lz —y|)dy = /Eoo /S[H AN ()

/ wa)()()drda
gd—1

In the case when N is odd in the second variable, we observe that we can
separate the integration in w and r, to see that this equals the mean-value of N
over the sphere: zero.

(r)p(r)ri=t dr do,

=)

or

Otherwise, if N is even, 1 must be odd, by our conditions in Theorems III and
IV. Then we observe that by a change-of-variable, this also equals

/Sd 1/76 PEDE 4y g - N(va)/;Wdrda.

Averaging and using the existence of the principal-value type limit, we see that
this pointwise limit exists.

We proceed by taking f € C°(R?), and writing

(T.f)(x) = / K@) = Sl i) dy
1@ [ K-y

10



We see that
lim (1)) = [ KG@0)(7(0) = Fe)olle =) dy
+cupf(x) /Sdil N(z,w)do,

where in the first integral, the behavior of the integrand as O(|x — y|) near
y = x removes the singularity; the compact support in y ensures that the
integral converges. The convergence of the second term was shown, earlier.

This object T'f also lies in LP(R%), by pointwise convergence and Fatou’s lemma,
along with the control on the maximal function 7, f. So, for f € C°(R?), we
have |Tf|trra)y Spx | flleray. It follows that there exists a unique linear
extension of this operator to all of LP(R?).

Since we have shown pointwise convergence for a dense subset (C°(R9)) of
LP(R?). Because we have a maximal inequality on T, f, we get pointwise-a.e.
convergence for all f € LP(R4).

Finally, since we have pointwise convergence of the T.f — T f almost every-
where, and the 7. f are all uniformly dominated by 7. f € LP(R?), dominated
convergence implies convergence of the 7. f in LP(R?), also.

4 Proof of V, VI

Proof. We let f € LP(R?) be a nonnegative function, and we take ¢(t) =
Y(t)t?1, where the profile 1 is as in V, VI. We then have ¢ € L!(0, 00).

Now, we define the maximal function via

1 o0

(Mo)r) =sup s [ 1+ ot/ 3 e
A>0 A

It follows from the radial majorant lemma that

Mg fllr®)y Sp Ll e@ 1@ 21 0,00)-

Consequently, in the multidimensional setting, for f € LP(R?) we take

(M f) (2, 0) = sup = / T\l )|l /) di

A>0 A

and we have

/ (M )+ e, )P dr = / (Mt f(x + ) ()P dr
R R
S [ I

11



Now, again changing variables, rotating, and integrating over the hyperplane
{z4 = 0}, we get that

[ tneords, [ s,

uniformly in w. (To avoid technicalities, we may restrict to f bounded and
compactly-supported, and pass to general f by monotone convergence.)

In the case of Theorem V,
(M. f)(x) = sup / N — (e — I/ f )] dy,
e>0 JRd

and to avoid technical issues with measurability, we again first postulate f
compactly-supported and bounded. The general case will again follow by using
positivity and monotonicity, and taking limits of our truncations.

Then, in the case of Theorem V, we have a uniform bound of

1 oo

< 7/ / [N (w)|o(r/e) f(z + rw) drdog/ [N (w)|(Mgf)(z,w)do

€ Jgda-1 Jo gd—1
in €. Accordingly, we take the LP(R?) norm in z, and once again interchange
with the integral sign, to get a bound of

Sp INIprsa-)llfll oo a)-
In the case of Theorem VI, we have
M@ < [ NI, )(ww) do

and this again follows by using the (p’,p) Holder’s inequality and using that
p’ < q on the first term. Raising to the pth power and integrating, we obtain
the result with

Sdp.g SUp || N(z, ')HLq(Sd*l)Hf”LP(Rdy
zER

5 Proof of I, I1

The proof of the first two results, in complete generality, is quite involved. In
Theorem I, we note that if N is an odd kernel (N(—w) = —N(w)), application
of Theorem ITT with 1(¢) = 1 (which is the Fourier-Stieltjes transform of p = do;
Jpe 2™ dpy = e~2mt(0) = 1) is possible, and we obtain the result.

Likewise, in Theorem II, if N(x,-) is odd, we can ensure that Theorem IV
applies. So we may subtract-off the odd component of each kernel, and assume
that IV in Theorem I and N(z,-) in Theorem II are even functions.

12



We now recall the vector Riesz transform
- xT;
R:<R1a"'7Rd)7 Rif:ci,dW*fﬂ
normalized to have Fourier transforms Ez\f = %
As a consequence, L
for any scalar-valued function f € LP(R?) (since Y, £2/]¢]? =1 on R?\ {0}).

We proceed to let K denote the vector kernel of the vector Riesz transform. We
take any F : R?\ {0} — C which is positively homogeneous, of degree —d, with
F in Llog™ L on the unit sphere and mean-zero. We let ¢ € C*>(R%; [0, 1]) be
a radially-increasing function, vanishing in B(0, 1), equal to 1 outside B(0, 3).

Then we define, for  # 0 and ¢ > 0,

Ff(z) = lim XB0.5)- (W) K (z — y)F(y) dy,
540 lz—y|>e

@ = [ R Fw) b

Each F5 is absolutely convergent everywhere; ¢ eliminates the singularity at
the origin for F', the truncation keeps K bounded, and for large y, K(z — y)
behaves as |y|~¢, which gives a convergent integral when multiplied with F(y).

For Ff, we can write
B@= [ oo OFORE- v
T—y|>e€

4 / Xio—yloe FW)(B(x — ) — F(2))dy,
< |y|<do

by the mean-zero condition on F', and using the smoothness of the Riesz kernel
to obtain an absolutely-convergent integral for the second term. Here, we take
0<dp < im Consequently, these integrals all converge as § | 0.

Claim: As ¢ | 0, Ff and F§ converge to functions F; : R?\ {0} — C¢
Fy : R4\ {0} — C9, in the spaces Li (R?\ {0}) and Li _(R?), respectively.

loc

Both F} and F5 are odd, and F} is homogeneous of degree —d.
Moreover, for |z| > 1, we have
|Fy(2) = Fa(@)] S | Fllprgayla] =7,

and for F, there exists a homogeneous function G € L'(S%1) of degree 0 such
that |Fy(z)] < G(x) in |z| < 1.

And, if there exists a 1 < ¢ < oo such that F' € L(S9!) then we have
IF1llacsa-1) + Gl pasa—1y S N1F |l pa(sa-1)-

13



Proof. Since K is odd while F is even, we see that Ff and Fy are odd.

We also see that each Fy satisfies the desired homogeneity, and if we have

convergence in Ll (R%\ {0}), we may consider polar coordinates and recover

that the limiting function, for almost every direction, is (—d)-homogeneous in
almost all A\. The limit follows by correcting on a set of measure zero.

To obtain convergence of the Ff in LL (R4 \ {0}), it suffices to show

loc

lim |Ff(z) — F{ ()| dz =0
SN0 Jr<ly|<R

for any pair of radii (r, R) with 0 < r < R < c0.

For this, we take dp < g, so that we can write (taking 0 < € < €', without loss)
Fi(o) - F{ (o) = | Xiyizs0 FO)R (& — y) dy
e<|z—y|<e

4 / Xe<lomyli<e F@) (R (x — y) — K(z)) dy.
ly|<do

We note that the second term vanishes when €,¢/ > 0 are sufficiently small;
indeed, Xc<|z—y|<e Will then only be nonzero when y is extremely close to x;

but then, |y| < do < § < % will be impossible.

So the main task is to control the term
/ Pj(y)Xe<|:J[:7y\<e’[(<3j - y) dy,
ly|>do

and we see this is equal to

— —

(Te(Fxpe)) () — (Te (Fxpe))(2),

where T. is the truncated singular integral operator associated with the vector
Riesz transform.

The next step, showing local L' convergence away from the origin at Llog™ L
regularities, is unpleasant. First, we note that if ¢,¢/ > 0 are small, and r <
|| < R, then the only values of y which end up mattering are those within
| — y| < max(e, €'), meaning |y| < 2R. So we can limit our consideration to a
local annulus for F': that is, we can write this as

(Te(Fxa)) (@) = (To (Fxa))(@).

Now, to show integrability, we will prove a refined distributional inequality for
Calderén-Zygmund operators. Let A > 0, and take f € L'(R?) N L3(R?).

We will decompose

T<x/8 = Fxqr1<a/8ys Ioag = — fansss
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and if T is any first-generation Calderén-Zygmund operator, for 0 < € < 1, we
have the basic inclusion

{Tef1 > Ay ST Farss)l > A2 U{ITe(F2a/8)| > A/2}

By Chebyshev’s inequality, we estimate the measure of the first set as follows:

1
ML Fanm) > V2) < 55 [ TGP ax e 55 [ (Paxt
[FI<A/8

using the definition of f_) s and the fact that the truncations T¢, as Calderén-
Zygmund operators, are L?-bounded (uniformly in € > 0).

For the second set, we will take the Calderén-Zygmund decomposition of the
function f> /s (importantly, not f), at height A\. Thus we produce a countable
family of dyadic cubes (@, ), C D such that we have the good-function

o(z) = foa/8(@) ¢ U, @n
m an fz,\/s d\t zeQ,

and the bad functions
1
= Sxan (fovs = sy [, oo t) = Sha
n Q

with f>5/8 = g +b. We make the observations that pointwise,
91 < [f2asslxU, @ure +2°MU, @u < IFassXqiran szt + 294U, @u
= |FIXI7120/8X £ sl<x + 27AXU, @u = [ IXass<iri<n + 29AXU, @n

and in norm,

/ bo| dA? S/ | foa/s] AN+ ‘/ fz,\/sd)\d‘ §2/ | F5a/8] AN
R4 Qn Qn Q

As usual, using f>)/gs = g + b, we will split

{IT(f2as8)1 > A2} S {|Tegl > A4} U{[Teb| > A/4}.

Repeating the use of Chebyshev’s inequality and L2-boundedness, with our
pointwise inequality for g, we can estimate the measure of the former set by

1
2 d 2 d 2 d
S gl dA <d fI7dx +—/ ATdN.
T)‘z/ g A/8§\f|§k| | Ay

< rraxtx (U )

/8L fI<A

n &n

15



Finally, we estimate the bad terms in the usual sense: we take a buffered neigh-
borhood of the cubes (@), and its exterior, summing [T.b| < >, [Tebg| and
bounding the excess contribution associated to each cube individually:

{178 > 3/} € | J2Qu) uU{|TbQ\x G > M4k,

n

where the measure of the first set is clearly controlled by
< SN2Q0) = 2 ST N(Q) = 2d>\d(UQn)-

For the second set, we use Chebyshev’s inequality, along with the representation
formula for T,: we have

< Z / X(UQ(QQ T bQ | dZL‘ < Z / T bQ |d$

(2Q)°

where each
(Tbo)(a) = [ (K () = Kz, co)bov) do,

for x ¢ 2@Q, and using the mean-zero property. Taking absolute values and
integrating in z (interchanging and applying the Hérmander property on the
kernel) ensures that we can bound the sum of the ||T.bq|| .1 (ray contributions as

1 1
< — b dy < — 2 d < d
S EQ /Rd\ Q)| dy < )\% /Q|fzx/s YS )\/ \f»/S )| dy,

using our estimate on the [bg|| 1 (re) terms, above.

As a consequence, we get that
d 1 2N 4 1 2 gyd
NHITef| > A}) Sar 2 |f]* dA +t2 |fI7 dA
[fI<A/8 A8 FISA

&
+)\d<LnJQn> +)\d<LnJQn> +X/Rd|f|xlf|2/\/8d>\d-

We recall that the measure of the bad cubes associated to f>,/s at height A is
controlled, in the sense that

1 1
/\d< Qn> ~ = / f d)\dg—/ flx d)\?.
LnJ Azn: in S\ W LRV

As a consequence, we conclude that

1 1
NS > ) Sar 5 [ I5PaxT+ 5 [ (e,
[F1<A [f1=A/8
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uniformly in f € LY(RY) N L2(R%), A > 0, and 0 < e < 1.

We now integrate this distributional inequality over the range \ > ¢y, where
0 < cgp < 1 is some small constant that we will need later:

o0 00 1
/ MUITefI > A} dX Sar / / S XAl f12 AN dN?
co Rd Jeg A

1
+ [ [ Sosaniriaa
R4 J ¢

0
and we compute this by simple calculus to be

/ TNTL > A)) dA Sar / b

7d)\d+/ fllog(8]f|/co) dN?
co re max(co, |f|) |f\2c0/8‘ [Log(8171/0)

so that if £ C R? has finite Lebesgue measure, we conclude that

[ 12A10N Sar caxi(B) + 1+ dog(s/eo)) [ 11X+ [ |flloglrlax’
E Rd If1>1

which shows the local integrability of the T.f in a manner that depends only

on the L' and Llog™* L norms.

We now claim that if h € L' N Llog™ L, it is possible to approximate h by
elements of C2°(R%) — simultaneously, in both norms (functionals) [2].

To do this, we first take R > 1 so large that

/ Ih(z)| do +/ Ih(x)|log(1 + |h()]) do < /4.
|z|>R/2

|lz|>R/2

We then claim it is possible to select a simple function hy : B(0,R) — C to
approximate hxg(o,r), such that

/ |h(z) — he(2)|(1 4+ log(1 + |h(z) — hi(z)|)) dz < €/4.
B(0,R)

Indeed, we take the standard truncated dyadic undergraph approximations hy
of hxp(o,r), with |hx| < |h|xB(o,r) and such that |hy — hxp(o,r)| is decreasing
pointwise everywhere to zero. Then, as z and zlog(1 + x) are both monotone
increasing on (0, 00), dominated convergence shows that for sufficiently-large k,
relevant integrals will be < ¢/8 each.

Finally, we convolve, noting that hj is qualitatively-bounded and nonzero only
in a bounded subset, and so in L'(R?) N L2(R%). It follows that if we write
rlog(1 4+ x) < Ca? on (0,00), we can ensure that

(C+1) / Jhs(@) — ha()|(1+108(1 + [hs(e) — hy(@)])) de < /4,

17



using the 22 approximation to control the Llog™ L term by L2.
We compute easily that
/ |h(z) — hs(z)| dz < / |h(z) — hs(x)| dx +/ |h(z)| + |hs(x)] dx;
Rd B(0,R) lz|>R

the second term contributes < €/4 from the h integral and a negligible o(1)
from the hs, due to the boundedness of hj and the algebraic support properties
on the convolution, in the process of § | 0. Meanwhile, the first term can be
divided into (h — hy) + (hr — hs), and contributes < €/2.

We estimate the Llog™ L term similarly; we have a contribution of
< / |h(z) = he(x)[log(1 + |h(z) — hs(2)]) dz,
B(0,R)

and here we write
log(1 + [h(z) — hs(2)]) <log(1 + |h(z) — hi()]) + log(1 + [k (z) — hs(@)]),

by the triangle inequality. The h — hy, and hg — hs direct contributions are both
< ¢/4, and for |hy — hs|log(1 + |h — hg|), we note the bounded convergence
to zero in the first coeflficient as § | 0, while the second term is integrable on
B(0,R). The |h — hg|log(1 + |hy — hs|) term vanishes for the same reason.

We control the outer component by
< [ @togt+ [h(@))da+ [ [hs(a)|log(1 + [b(a)) o
lz|>R lz|>R

and the first term is small by construction, while the second converges boundedly
to zero almost-everywhere. The (|h| + |hs|)log(1 + |hs|) contribution, with the
latter term being boundedly-convergent to zero, is even easier.

As a consequence, we have simultaneous control of h in both norms. For our
annulus-restricted homogeneous kernel Fx 4, which is in L' N Llog™® L (but not
necessarily in L?), we will obtain what we desire via an approximation argument.

Let (F,) C C(2A) be a sequence of test functions, converging as F,, — Fxa
in the L' N Llog™ L norm (its existence follows from what was just shown).

Our inequality for f € L'(R?) N L?(R?) shows that for any ball B C R4,

[ 1EF N Samco-+log(@5/eo) [ |Falaxt+ [ |Faflog(1 4+ [F]) ax
B Rd R4
and we notice that our approximation gives that this is uniformly bounded by

Sa co+log(25/co) [ |Flxadx®+ [ |Flualog(1 +|Flxa) ax
R R

18



We know that as F,, — Fx4 in L' norm, fan — fe(FXA) in L quasinorm,
by the weak-type (1, 1) inequality on the T.. In particular, we have convergence
in measure, and it follows that we can extract a pointwise subsequence which
agrees almost everywhere with the operator output in this quasinormed space.

By Fatou’s lemma, the limit object TE(FXA) € LY (R% R?) actually belongs
to L}OC(Rd; R?), and obeys the same bounds. Consequently, we can talk about

T(Fx4) (for any 0 < € < 1) as a genuine absolutely-integrable function, and
handle and compute with it in local L' seminorms.

It follows that if G € C° approximates Fy4 in L' and Llog™ L norm, in the
sense that was discussed above, we can consider

/ I () - FY (2)| da = / (T (Fxa)) (@) — (T (Fxa)) ()| de

r<la|<R r<|z|<R

- / (To(Fya) () — (T.6) ()| de + / (F.0) (@) - (T C)(a)| du
r<|z|<R r<lz|<R

s 6@ - EFa) @) dr,
r<|z|<R

and we get that
lim (1:G) (@) — (TG)(a)| d = 0,
€40 Jr<|z|<R

due to the singular integrals converging in L?(R?%) norm for all 1 < p < oo, and

hence in LL (R%), by the maximal-operator theory.

The remaining two integrals are controlled uniformly in 0 < ¢,¢’ < 1 by

~

<drR co+10g(25/co)/ |FXA7G\d>\d+/ |Fxa—G|log(1+|Fxa—Gl)d\?,
R4 R4

by our above; optimizing over G € C°(R¢), we obtain a final Sdr.R Co, Where
0 < ¢p < 1 was arbitrary. We conclude that limsup, .| || Ff — Fe |l (Br\B,) =
0 for all r, R > 0, showing the desired convergence in Ll _(R?\ {0}).

To obtain the convergence of Fy, we do the same thing and write
Fj(x) — F5 () = (T.(F$))(z) — (T« (F$)) () = (Te(Fp))(x) — (Tu (Fp))(x)
for |x| < R (we need not avoid x = 0), and the result follows once more.

Now, to control the difference between the two functions, we write

Fi(z) - Fi(z) = / Xt K (@ — 9)Fu)(1 — 6(y)) dy

lz—y|>e

+ lim Xo<lyl<s, K (z = y)F(y)(1 — ¢(y)) dy,
30 Jiz—y|>e
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and we note that for small € > 0 (relative to z), the second term can be written

lim Xo<lyl<s. K (x —y)F(y)(1 — ¢(y)) dy
10 JRra

= /R Xjyl<s. (K (& = y) = K (2))F(y)(1 - 6(y)) dy,

while we express the first term as

[ X PO s R ) dy

in the € | 0 limit, using that |z| > 1 while |y| < 2 in here, so the y = x
singularity is removed.
As a consequence,

|Fi(z) — Fo(x))| S/ IFWIIE (@ —y) — K(z)| dy,

3
|y|§z

and we use the smoothness of K to get a bound of <4 | F|l 1 (ga-1ylz| =@t This
shows the desired estimate for |z| > 1.

Now, we proceed to dominate and estimate Fy. First, if |z| < %, we can write

R =tm [ R pIF@Iw) Sa [ s F@Io) ds

€l0 |lz—y|>e

using that F¢ vanishes in B(0,1/4). Taking polar coordinates, this can be
estimated by || F'[|1(ga-1) f1074 r~2dpd=1dr and we conclude that for small =

[F2(2)] < Call Fll Ly (ga-1)-

For £ < |z| <1, we have
[Fa(2)] < o) Fr(2)] + |[Fa(z) — d() Fa(2),

and the latter term can be written as

ln iy K(z —y)F(y)(y) — Xjy=6 K (z — y) F(y)(x) dy,
¢ jo—y|>e
or

lim lim e Xjy>6 K (z = y)F(y)(8(y) — d(x)) dy,
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and we use the mean-zero condition to write this as

/l N Xiy>1 K (z = 9)F(y)(¢(y) — d(x)) dy

* /, (Rl =) = REDFG)60) - o0e) dy

taking the § | 0 limit.

Now, we can apply the triangle inequality to write this as

< / 1K (z = y) = Xy <1 K (2)][6(y) — ¢()[|F ()] dy.
Rd

We claim that for all % < |z| <1, and y € RY, we have
K (z —y) = xy<a K (@) S [y e =y~
Indeed, if |y| < {= < 1|z, we would have

K (x —y) = K@) S lyl/lel ™ S Tyl < 1yl S Pyl /|l =y,

For & < |y| <1, we would have
K@ —y) - K@) Sle—yl™ + |27 Sle =y + 1S [yl (Jz =y~ + 1)

and since |z — y| < |z| + |y| < 1, we have 1 < |z — y|~?. As a consequence, we
obtain the desired estimate.

Finally, if [y| > 1, we simply have |K (z — y)| < |z — y|~¢ < |y|*/2|z — y| .
We consequently bound this by

|Fa(a)] S ()] + / Pl -y~ dy.

Since 1 < |z| < 1, this can be further controlled by
F @) S IFlsqsesy + a1 + b2 [ gl 21F ke = o1~ dy

and we can recognize that the right-hand side is homogeneous of degree 0.

To estimate the L' norm when restricted to S?~!, we simply take the integral
in z for % < |z| < 1, say; the first term is constant, and the second produces
a contribution of [ _, [Fi(z)|dz; we saw that Fi € Li (R {0}), and the

constant will be some term depending on F.

For the final term, we note that before linearly integrating in |z| ~ 3, we get

S| Wl EGl -y [ R dy
ly|<4 |ly|>4
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the singularity | - |_(d_1) is locally-integrable, so integrating over x in the first

term, we have a bound of

4
Sd / / 7“1/2T‘7d‘F(w)|7"d71 do dr S HF”Ll(Sd—l).
0 Jgd-1

For the far-range term, we see that it is also < || F||p1(ga-1y.

As a consequence, we get that

Gl L (s4-1) Sar 1,
as desired.

Finally, we note that if F is better than Llog™ L on S%~1, we can mostly avoid
this nonsense by using the simpler theory of the L9(R?) convergence of truncated
singular integrals, ¢ > 1; we have maximal boundedness of the ﬁ(F X4), since
Fxa € L% we then get Fy € L1 _(R%\{0}), and Fy, € L (R%), and convergence

loc loc
in those local seminorms as € | 0.

We will have F¢ € LY(R?), Fxg. € LY whenever B encloses the origin, so we
can estimate F) by taking

—

[F1(2)] < (R*(Fch))(fv)+/l<6 [Fy)||K (x - y) - K ()| dy,

where B = B(0,6,) = B(0,%) = B(0, 5i5), say (where |z] ~ 1).

Using smoothness, the second term with |z] ~ 1 is uniformly bounded by
[ F'[| L1 (ga-1), so it only remains to take gth powers of the first term and inves-
tigate the effect; we can use the standard Cotlar’s inequality (or even Theorem
111, applied to K), to obtain a bound of <4, I FXBe Loy ~dq |1 FllLa(si-1y-

By Hélder’s inequality, we may control the first contribution by L9(S9~1), and
so we have the upper-bound on ||F1[|q(sa-1). Then, using this very inequality,
the L' estimate of G goes through, but with ||F||;s(ga-1) concretely on the
right-hand side (again applying Holder).

This all means that, with the estimate for || F||f¢(ge¢-1) in hand, we now have
control of the first two terms of G in the integral |G/ q(ge-1). For the final
term, we argue as follows: assuming § < |z| < 1, we have

' [ W@l =l dy
y|I<z

4 [aft3/2 / V2 F()llz — v~ @D dy
<yl<2

a2 [ PRl -yl dy,
ly[>2
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and the first two terms are seen to contribute

< Ja|?3/2 V2| F (y)]|x]| =4 dy + 2| F (y)llyl =4V dy | .
lyl< % ly|>2

For the second term, since d > 1 (there is no such thing as an even function
with mean-zero on the sphere in R!, other than 0), we use the Hardy-Littlewood-
Sobolev inequality; the term is a fractional integral operator, the @ = 1 Riesz
potential Iy, of the function J = | - |1/2X%<| J<2lFl € LI(RY).

First consider if ¢ > 1 in the definition satisfies ¢ < d. Then we can straightfor-
wardly apply the HLS inequality, and obtain that I;(J) € L"(R?) for the index
defined by % = % - é. We may then take the [ - ||Lq(5(0,1)) norm in z, then use
Holder’s inequality to increase to the L" norm before using HLS to obtain the
L% norm of J, which is > || F'[| ya(ga-1).

For q > d, we know (by the compact support of J) that J € LI(R?) for § = %ﬂ,
for any 0 < e < d—1. As a consequence, the output of the Riesz potential is in
L¢(R?) for all small € > 0, and it follows that we can have it meet (or exceed)
the value of d < ¢ < oo; taking the L9 norm in x, we exchange for the L¢ norm,

and then return to the L9 norm, where we know § < q.

Consequently, as a result of this averaging over |z| ~ 1, we can say that

Gl Lagsa-1) Saq 1FllLa(sa-1),

and this completes the final piece of the estimate for the F-regular case. O

We now proceed to begin the proof of Theorem I. We take N : R?\ {0} — C
satisfying the stated hypotheses, N(—z) = N(z) (even, as we may assume, by
our reductions), and take

N (z) = limlim X|y|>5I?(x —y)N(y)dy

€d0 310 Jip_y(>e

as before. We know that the convergence will be in L} . on R\ {0}, and now
Nj is odd: Ny(—z) = —Ny(x).
Likewise, we get

Na(z) = lim K (z —y)N(y)o(y) dy,

Y lz—y|>e€

and by our Claims, we will have |Ni(z) — Na(x)| < |#|7¢71 for |z| > 1, and
|N2(z)| < G(z) when |z| <1, for G € L'(S971) and degree 0.

Now, consider a function g : R? — C¢, with |g| € LP(R%). We then know that
the modified scalar Riesz transform

flay=tm | K= y).g)dy
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exists pointwise almost everywhere, and converges in LP norm also. Moreover,
by our earlier discussion, every function f € LP(R?) arises in this manner.

We now claim the following: if f € LP(R?) is of the form described, then we
have the representation

N(z - 1)é((z — y)/e) fy) dy = e~ / (No((z — 4)/€), §()) dy,

R R4

recalling that Ny and N, as vector Riesz transforms of scalar functions, are
themselves vector-valued.

We note that because N¢, is a homogeneous L!'(S9~!) kernel, and f lies in
LP(R%), the calculations we did in Section II show that the left-hand side is
finite almost everywhere. For the right, we can directly use the bounds on N,
near the origin and N; and N7 — Ny away from it, along with Section II once
more, to conclude that the right-hand side is finite also.

We first consider vector-valued g € C°(R%; R?), and note that

N(z —y)o((x —y)/e) </| (fz(yZ),ﬁ(Z»dZ) dy,

R4 —z|>8

and we note that upon taking absolute values, switching to polar coordinates
in y and using the compact support and boundedness of § to obtain additional
decay for large r from the off-support singular integral, integrating in « € B,
we see that this integral is absolutely convergent for a.e. x.

So for a.e. , we may apply Fubini, and write

/ [ [ Nyl -n/oR -2 dy] (e d.
Rd ly—z|>6
Then we can change variables to see that this is
[ Nw/oR( -y )y,
|z—y—z|>68
and by homogeneity of all the kernels, this is equal to

el / e IN () $) R (@ — 2)/e — y)edy,

[(z—=2)/e—y|>d/e
or
eINy (@ — 2) /e).

We know generally that N§ — Nz as € | 0, by the Claim above. Moreover, we

saw that we have L{ . convergence to the limit. Since § € C2°, we conclude that
as ¢ | 0, the whole integral converges to

/R Ny~ 2)/0),5(2)) d=,
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for pointwise a.e. x.

Meanwhile, the integral defining f can be represented by

—

/ By - 2),§(z)) dz = / Niyesi <t (B — 2),(2) — §(w)) d=
ly—=z|>6 ly—z|>6

' /Iy—z21<K(y —2),9(2)) dz,

using the mean-zero property of the Riesz kernel. As a consequence, this rep-
resentation (which we will only use for this purpose) shows that the truncated
integrals for ¢ | 0 converge pointwise everywhere to a limit.

Next, we see the difference between the truncated integral and f is given by
[R50
ly—z|<é

which, by pointwise convergence, is majorized by < 2R, () € LP(R%).

Again recalling the discussion in Section 2, we see that

N(z—y)¢((x —y)/e)(f = f5)(y) dy

Rd

L}(B)

<

/ o V@Dl — fsw)ldy

L3 (B)
Sdp.eBN If = fsllor@ay = 0

as 6 | 0, by dominated convergence and the LP boundedness of the singular
maximal operator. It follows that for a.e. x, after passing to a subsequence, we
have convergence to zero; and so the desired identity holds pointwise almost
everywhere when g € C>° (R4 RY).

To pass to general § € LP(R%RY), we let (g;,) € C°(R%RY) be a sequence
converging to ¢ in LP(R%; R%) norm.
We can see that

N(z — )d((@ — 9)/e) fuly) dy = / AN (2 — 2)/e), Gi(2) d,

R4 R4

and we would like to take limits n — oo on both sides of this. If we replace g,
by G and f,, by f, both sides will be in L{ (R%), by our arguments in Section

loc
2 (the integrals are absolutely convergent almost-everywhere), but we do not

know if the two functions they define are equal.

Yet we know that g;, — G — 0 in LP(R?%; R?), so it follows (by using the same
estimates we employed in Section 2, to show finiteness) that we can bound

IRHS(g7) — RHS@)HU(B) Sd,p,B,N lgn — §||LP(Rd;Rd) — 0.
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By passing to a subsequence, there exists a full-measure set of x for which the
convergence on the left-hand side holds pointwise. In the same vein, we have

ILHS(fn,,) = LHS(F)ll21(B) Sdp.B.N 1fn — fllr@®aey Sap 190 — Gl e @ares

and we can also pass to a further subsequence here. Finally, once we exclude
the countably-many null sets where (LHS(f,))(x) # (RHS(g,))(z), we obtain
that the identity holds a.e., for general g € LP.

We now proceed by observing that

(Tef)(@) = | N(z—y)o((z—y)/e)f(y)dy

Rd
+ [ NG =) 0myio = 0l = /)T )
and the latter integral can be represented as

/}R N — y) (@ — 1)/ F () dy,

where we can see that 1 € C>(R%[0,1]) is a radial cutoff localizing to the
annulus supp(¢)) € {1 < || < 1}.

Now, we can take absolute values, and write this as

& / IN((z — y)/o)| ()] dy
e/4<]|z—y|<e
= rw/|| flz — rw)l do r?1 dr
= /5/4/WIN< JOIf (@ = rw)| dor®=d
_gfd € Grd w T — rw o—,r.dfl .
= /6/4/Sd_1</>'N< JIf (2 — rw)| dor®=1d

<4 /Rd N((z = y)/lz = yDx;-1>1((z = y) /)| f(y)| dy,

and recognizing the degree 0 term, Theorem V then says this is bounded uni-
formly in € > 0 by a maximal function which maps into L?(R%).

The main term can be bounded in absolute value by

/]Rd €—d<N2((x —2)/e), (Rf)(z)) dz

<

S| e =20, (i) i

—d — N e~ B () de
R R RO

- —2)/(Rf)(2)] d=.
R RIS
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Now, the final term is also treatable via Theorem V, G being mean-zero, and it
gives control by a standard Hardy-Littlewood type maximal function.

The second term is LP bounded by the radial majorant lemma, thanks to the
good integrability properties of the kernel | - |’d*1X| >t

By homogeneity, the first term is simply equal to convolution with Nix|. s,
which produces a truncated singular integral precisely of the form that can be
handled by Theorem III; F} is odd.

From the calculations in Section 2, we see that there exists a set of full measure
N¢ C R? such that for all x € N, f\m—y|>e | K (z,y)||f(y)| dy < oo for all € > 0.

Indeed, we saw this occurred whenever [, , |N(w)|([g |f(z+rw)|P dr)t/P do <
oo, and by integration, we saw that this quantity was finite for a.e. z € R%.

Dominated convergence shows € — |f‘w_y|>6 K(z,y)f(y)dy| is continuous in

e € (0,00) at these points, so it follows that we can restrict the supremum in
€ > 0, off a null set of z, to the dyadic rationals.

From this, we have Borel measurability of the full maximal function. Moreover,
we see the right-hand side bounding T f comprises three maximal functions,
and each in LP(R9), by our previous Theorems.

It follows that we can take the supremum and obtain the maximal estimate

HT*fHLP(Rd) Sd,p Hf||LP(Rd)~
Finally, we consider the € } 0 limit for 7.f, when f € C2°(R%). We write

TN = [ Ne-pidt [ Ne-g)(e) - f@)dy
|[z—y|>1 e<|z—y|<1
using the mean-zero property of N on every sphere centered at the origin. It
follows that the second term is an absolutely convergent integral, and we may
take € | 0, to thus obtain a measurable function T'f.

By Fatou’s lemma, we have Tf € LP(R?), and by the LP boundedness of the
maximal function, we also have convergence in LP. The standard argument also
shows that T, f — T'f for all f € LP(R?), pointwise a.e.

This proves Theorem 1.

For Theorem II, we note the following: we reduced to the case where N(z,-) is
uniformly in L?(S%71) for 1 < g < oo, and we produce the vector-valued kernel
functions (defined for y # 0)

Ni(z,y) = lim]i N(z,2)x 12156 K (y — 2) dz,
1(z,y) fim lim e (@, 2)X|2|>6 K (y — 2) dz
Ny(z,y) = lim N(z,2)¢(2)K (y — z) dz.

€l0 ly—z|>e€
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We apply our previous Claim to obtain these kernels, treating N(z,z) = N,(z)
as an z-indexed family of functions of z. To see product-measurability, we
see that each integral in z, for fixed ¢ > 0 and § > 0, is product-measurable,
as a slice integral by Fubini, with the finiteness coming again from the polar
coordinates calculation.

In taking the ¢ | O limit, we saw that the limit existed for all y # 0 and
x € R? thus the fixed-¢ integral is a product measurable function in (x,y), as
the pointwise limit of a sequence of such functions.

Then, to take the e | 0 limit, we not only integrate in r < |y| < R but also
x € B; it gives that the difference in L (R%\ {0}) equals

loc

J </ ciyien Feaxa))®) = <Te<meA>><y>|Qdy> d,

when integrated.

We see that for each fixed z, [ F. . (z,y)dy — 0 as ¢,¢ — 0. Moreover, we have
the uniform-in-e pointwise bounds in z of [ F. o (z,y)dy S [ |(Naxa)(y)|?dy <
Cn, and we use this last term (as a constant, which is certainly a measurable
function of z) to apply dominated convergence.

It follows that this iterated integral tends to 0 in the €, ¢’ | 0 limit. But because
we saw the integrand is simply the difference of measurable functions N5 (z,y),
the iterated integral must equal the product integral, and thus we have

lim // IN{(z,y) — N (2, y)|? dzdy = 0.
&40 ) JBx{r<|-|<R}

From this, we get joint convergence in (z,y), and so we may take a pointwise
subsequence to ensure that N{(z,y) — Ni(z,y), a product-measurable func-
tion in LL (R? x (R%\ {0})), and which is (after suitable corrections) odd and
homogeneous in the second variable.

(For a clean approach, which avoids delicate tinkering with pointwise repre-
sentatives, we can pass to a diagonal subsequence of € and take the Borel set
of (z,y) where limsupy_, ., sup,, ,,>n |Ni"(7,y) — Ni™(z,y)| = 0; this is the
mazimal set of pointwise convergence, to which we restrict the limit object Nj.
This set has full measure, by our diagonalization procedure (comparing with
the L' object). It also follows that if (z,y) € F, then (z,\y) € F, and also
(z,—y) € F; by the true homogeneity and oddness of the approximate kernels,
and these identities hold. So, for almost all choices of x = zg, we will have
that y — Nj(zo,y) is defined for a.e. y, and moreover, this is truly odd and
homogeneous: if y is such that (xg,y) € F, we have all the desired scaling prop-
erties; if (zo,y) ¢ F, then likewise, so N1(zo,y) = 0 = N1(zo, —y) = N1(z0o, \y),
recalling our multiplication by the indicator function.)
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By the uniformity in z, we immediately obtain the estimate
[Ni(z,y) = Na(z,y)| Sn y|~*

for |y| > 1, directly from the Claim.

We likewise have a product-measurable function

G(z,y) = N (@, )| Lacsa-1) + [yl |Ni (2, )]

S [ NG =l dy

to majorize Ny in |y| < 1, and this is still homogeneous of degree zero, and also
in L4(S?"1) in the second variable, uniformly in z.

We repeat the same manipulations as before, this time employing the identity

N(z,z —y)o((z —y)/e)fy) dy = /Rd<N2($7 (z —y)/€),gy)) dy

Rd

for g € LP(R%;RY), over a.e. x. This proceeds mutatis mutandis as Section 2,
but this time we apply the uniform-in-x L? property. Because of these uniform
bounds, we eventually see that we do not need to worry about many null sets
of z; we have a single null set such that equality holds everywhere outside of it.

Finally, applying the same bounds as before, and using Theorem IV with vari-
able kernel, Theorem VT for the case of variable kernel, we again obtain a uniform
estimate of the maximal singular integral by a sum: the maximal operator as-
sociated with Ny (IV), a convolution with x|y>1|y[~*"' 2 [N1(z,y) — Na(z, )|,
and convolution with x|,<1G(x,y) 2 |Na(z,y)| (VI).

This completes the proof of Theorem II.

Corollary: Let Q C R? be a bounded convex domain. Then there is a bounded
operator for 1 < p < oo, T : (LP(Q))o — [Wy(Q)]?, such that if @ = T(f),

div(@) = f.

Proof. Bogovskii’s construction [3] furnishes an explicit operator acting on the
mean-zero functions in L(£2), which maps into L*(£2) and recovers the diver-
gence in the distributional sense. Moreover, on smooth mean-zero functions of
compact support, this gives a smooth vector field of compact support.

It follows that on smooth functions, the divergence equation is satisfied in the
classical sense. Furthermore, it is then the case that the partial derivatives
of each component can be expressed as a sum of singular and weakly-singular
integral operators, acting on the data f.

Using Theorem II in the case of the relevant second-generation kernel (where it
holds for all 1 < ¢ < 00), one obtains L? bounds on the d;u;. O
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