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Definition: Let K : (R? x R?)* — C be any function satisfying the following
conditions: for some constant Cx >0 and 0 < d <1,

e Forall z € R?, y € RY,
K (2,9)| < Ckle -y~
(the size condition).
e For all z,z’ € R and y € R with |z — 2’| < |z — y|, we have
K (2,y) = K(',y)| < Cxlo -2’ /|z - y|***
(the smoothness condition).

e Additionally, suppose that when 2 € R? and y,7’ € R? are such that
ly =yl < 3lz —yl, then

K (2,y) — K(z,9)| < Ckly —y/|°/]o — y|*°
(the adjoint smoothness condition).
We say that any function satisfying these conditions is a standard kernel.

Theorem: Let K be a standard kernel. Suppose that for all € > 0 and N > 0,
€ < N, that the functions

L.y (z) = / K(wy)dy, I'y(y)= / K(z,y)de
e<|z—y|<N e<|ly—z|<N

satisfy the boundedness conditions

sup / [Te, N (x)] dz < CN?, sup / |12 n(y)] dy < CN?
B(zo,N) B(yo,N)

xo €Rd Yo €Rd

where the constant C' is uniform over all choices of ¢, N. Then there is a
subsequence of the operators T, r : L2(R%) — L?(R%), defined by

Tate@ = [ Keprod

converging weakly to a Calderén-Zygmund operator T" with kernel K.



Proof. We will use Tao’s formulation of the T'(1) theorem. We will verify uni-
form L?-boundedness of the truncated operators T R

We note that the condition
/ o n ()| dz < N
B(zo0,N)
really implies that
[ T an @) de € N
B(IQ,N)
indeed, for any x € B(xo, N),

I n(z) = / K(z,y)dy = / K(2,Y)XB(xo,2N) (¥) Ay,
e<|z—y|<N e<|z—y|<N
since |z — y| < N and |z — zo| < N implies |y — xo| < 2N.
We then write

(T.f)(x) = / K(.9)f(y) dy,

|z—y|>e

and so we note that

(T Ot 2)) = (s D)~ [ K0 0)Xotaoamy 1)

for x € B(xo, N).

Using the size condition on K, we see that the above is
<[ N pgam W) dy S NN Sa
|[z—y|>N

and so
Ierp2(@) = (Terp2(xB)) () = (Te(xB))(2) + Oa,x (1)

for all balls B C R? with z € %B, rp > 2€.
As a consequence, let € > 0, R > 0, with € < R. Take any ball B C R?; then
(Te,r(xB))(@) = (Te(xB))(z) — /l ‘ RK(I,y)XB(y) dy,
T—Y|>

and by a similar calculation, we have that the second term is bounded by <S4 x
R~I\4(B). So if we have a small ball, say, diam(B) < 1000R, we see that

| ] axt < 0uxB) + [ [Tl axt
1B 1B



and we know that if rg > 2¢, then this can be further estimated by

< Oux(N(B)) + / Mg a(@)] o + Ou i (N(B))
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and thus the entire expression is controlled by < (Cy x + C)A4(B).

For balls with rg < 2¢, we note that

Tat)@ = [ Keys)d

which is controlled in absolute value by

< Oge 2\(B) <ax 1.

As a consequence, we need only deal with the very large balls now, B C R? with
diam(B) > 1000R and rp > 2e.

To do this, we take the ball 2 B, and observe that we can cover it by <q (rp/R)?
balls of radius R. Indeed, we embed the ball %B within a cube, which will have
side-length ~4 rp, and round up its side-length to the nearest power of two
(which will preserve this relation). For any « € B, we likewise extract the largest
cube of dyadic-integer side-length within B(z, R) (which will be comparable to
R, up to a dimensional constant), and translate to create a dyadic system of
cubes centered at cg € R?. These smaller dyadic cubes will then fit exactly, and
we can cover %B , using <q 7% /R? such cubes. We finally extract only those
cubes whose associated R-radius spheres meet %B ; we will cover %B with only
these spheres. They will produce a neighborhood, all contained in (% +¢)B.

Now, we cover %B by this family, and write

Tt @) de < > /

2

|(Te,r(xp))(2)| dz
(zi,R)

and we note that

(Te,r(xB))(x) = / K(z,y)xs(y) dy = (Te, R(XB(2: 2r))) (¥)

e<|z—y|<R

for x € B(z;, R), since |y —z;| < |y — x|+ |z — ;| < R+ R and also B(z;,2R) C
(3 +€)B C B by the size condition on R relative to B.

We may now use that
(Te,R(XB(20,2r))) (%) = Le,r(2) + Og K (1)

for € B(x, R), provided R > 2¢. (If R < 2¢, we use the same argument with
the size condition to bound the left-hand side purely by Og4 k(1).)



Now, in either case, integrating this, we obtain that

/ o Ot ) @) < O+ OB,
B :Ei,R

Summing over indices 7 and using the cardinality estimate, we can then bound

[B T r(xB)| dA? Sa (rB/RY)(C + Cax)R? Sax,1 -
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As a consequence, we have
[ 1T nCcam) ax S A1)
for all B C R?, uniformly in € and R. Subtracting
Tenten = xe)@ = [ Klow)xems) d

e<|z—y|<R

and recalling that we showed

,
Cklr —y|"*dy Sax 1+ log, <B>

(Tenlos -~ xs) @) < [ (. 0B)

(2B)\B

for € B, in the argument for the T'(1) theorem (by using the size condition
on K), we have that

[ 12enlocar = xo)l ax Sase XU(B).
B
and uniformly over balls B C R, Tt follows that

/ T m(em) AN Sars N(B).
B

By the boundedness of the I7 ; as well, repeating the arguments above mutatis
mutandis, we get a similar uniform bound (over all balls B C R%) for the adjoint
operators T, ;. So by the corollary to Tao’s T(1) theorem, we get

ITe.rllz2—22 Sk 1,

foralle > 0, R > 0, € < R, where the T, r are the smooth truncations to use the
T'(1) theorem. (We require operators T with kernels that obey the smoothness
condition, but for the sharp-truncations T, r, we may add the spillover contri-
butions from smoothly-truncated kernel, at length scales ¢ and R (R > 2¢), to
get an error term consisting of integrals over € < |- | < 2¢ and R < | -| < 2R.
Upon integrating x g over these sets against the kernel, using the size condition,



this produces an excess of O4(1) pointwise, which still integrates to Ogq(A%(B)).
Meanwhile, e < R < 2¢ follows from the size condition and the Hardy-Littlewood
maximal function, and we need not consider any of these tools.)

Then as € | 0 and R 1 oo, there will exists a subsequence of (¢;, R;) with a
weak limit 7" : L?(R?) — L?(R?) to which the T, r, converge, and this will be
a Calderén-Zygmund operator with kernel K.

Consequently, if K satisfies this cancellation condition, we can say there does
exist a Calderén-Zygmund operator 7" with associated kernel K. O

Remark: By Cotlar’s inequality for standard Calderén-Zygmund operators, we
see that if T is L?-bounded and is represented by a standard kernel K, then it
follows that T, is, also (for any € > 0). Then writing T, g = T. — Tg, we get
that the T, g are also L?-bounded, uniformly in € and R. Then the bounds on
the I p and I7 j, from the hypotheses, are consequences of the L?-boundedness
of those operators, which will in turn be implied by the L?-boundedness of T
So we can see that the condition is necessary for a kernel to be associated with
some Calderén-Zygmund operator, as well as sufficient.
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Appendix

Theorem: Let T be a Calderén-Zygmund operator whose off-support repre-
sentation has vanishing kernel. Then T is a spatial multiplier operator.

Proof. We define the set function u(E) = (T'(xg), Xg), where (-,-) is the stan-
dard L?(R?) pairing (linear or antilinear; it does not matter for this).

We then see that u is a countably-additive set function; indeed, if E and F' are
disjoint, then T(xg)xr = 0, and vice versa, and thus

and the left-hand side is equal to (T'(xpur), XEur) = p(EUF).

By induction, this holds for finite collections of disjoint finite-measure sets, and
by continuity on L?(R?), we get countable-additivity, taking the underlying
measure space to be equal to any ball B(0, R) for large R.

By Cauchy-Schwarz, and the L2-boundedness of the Calderén-Zygmund opera-
tor, we see that [(T(xg), Xg)| Sr AXY(E).

It follows that p |p(o,r) is a complex measure, absolutely continuous with
respect to A4 | B(o,r), and so by the Radon-Nikodym theorem, there exists
br : B(0, R) — C which represents 11 |p(o,r):

u(E) = (T(xE), x) = /E b A\

for Borel sets E C B(0, R).
Moreover, by the inequality above, we have

lorllL~(B0,R) < 1Tl L2(RA)— L2 (RA)-

We can also see that there must be consistency: taking larger-and-larger values
of R, we note that the functions bg are simply restrictions (to their respective
domains B(0, R)) of a single function b € L>(R%), obeying the same L> bound.

Since T'(xg) = 0 a.e. outside F, it follows that the above p(FE) is precisely

/ T(xp)d\! = / xEbd\?,
R4 R4

for bounded Borel sets E C R%. Now, for any F C R?, we claim that

T(xe)xr =T(XEXF)-

Indeed, we see that

T(xe)xr =T(xe)xexr =T(xe)xenr = (T(xenr) + T(XE\F))XEAF



by linearity of the operator 7', and the second term is zero, as T'(f) vanishes at
a point whenever f vanishes in a neighborhood thereof.

(If the Calderén-Zygmund condition is initially stated for f € C°(R?), we may
take limits, in a Urysohn-type approximation: we first have that T(f) = 0 in
K¢ when {f # 0} C K, K compact; then, using inner and outer regularity,
this is true for all indicator functions of bounded Borel sets F, and we may
take further limits to move from simple functions to all L?-ones. Then to get
vanishing a.e. of T'(x4)xp for AN B =, A, B of finite measure, we note that
(IT(xc)l, xKx) =0 for all C C A, K C B compact, and approximate.)

Hence, we may take

/ T(xw)xr AN = / Xexrbd\Y,
Rd Rd

for all bounded Borel sets E, F C R4,

Taking linear combinations of various disjoint Borel sets F, all supported within
a single large compact region, we can see that

/ T(XE)gd)\d:/ (xEb)gd\?
R4 Rd

for any bounded g, vanishing outside a compact set; we may take an approximate
identity. Then T = M, on simple functions, and hence, all functions. O



